Research on the out-of-equilibrium dynamics of quantum systems has so far produced important statements on the thermodynamics of small systems undergoing quantum mechanical evolutions. Key examples are provided by the Crooks and Jarzynski relations: taking into account fluctuations in non-equilibrium dynamics, such relations connect equilibrium properties of thermodynamical relevance with explicit non-equilibrium features. Although the experimental verification of such fundamental relations in the classical domain has encountered some success, their quantum mechanical version requires the assessment of the statistics of work performed by or onto an evolving quantum system, a step that has so far encountered considerable difficulties in its implementation due to the practical difficulty to perform reliable projective measurements of instantaneous energy states. In this paper, by exploiting a radical change in the characterization of the work distribution at the quantum level, we report the first experimental verification of the quantum Jarzynski identity and the Tasaki-Crooks relationfollowing a quantum process implemented in a Nuclear Magnetic Resonance (NMR) system. Our experimental approach has enabled the full characterisation of the out-of-equilibrium dynamics of a quantum spin in a statistically significant way, thus embodying a key step towards the grounding of quantum-systems thermodynamics.
Research on the out-of-equilibrium dynamics of quantum systems has so far produced important statements on the thermodynamics of small systems undergoing quantum mechanical evolutions. Key examples are provided by the Crooks and Jarzynski relations: taking into account fluctuations in non-equilibrium dynamics, such relations connect equilibrium properties of thermodynamical relevance with explicit non-equilibrium features. Although the experimental verification of such fundamental relations in the classical domain has encountered some success, their quantum mechanical version requires the assessment of the statistics of work performed by or onto an evolving quantum system, a step that has so far encountered considerable difficulties in its implementation due to the practical difficulty to perform reliable projective measurements of instantaneous energy states. In this paper, by exploiting a radical change in the characterization of the work distribution at the quantum level, we report the first experimental verification of the quantum Jarzynski identity and the Tasaki-Crooks relationfollowing a quantum process implemented in a Nuclear Magnetic Resonance (NMR) system. Our experimental approach has enabled the full characterisation of the out-of-equilibrium dynamics of a quantum spin in a statistically significant way, thus embodying a key step towards the grounding of quantum-systems thermodynamics.
The verification and use of quantum fluctuation relations [1] [2] [3] requires the design of experimentally feasible strategies for the determination of the work distribution following a process undergone by a system. In the quantum regime, the concept of work done by or on a system needs to be reformulated [4] so as to include ab initio both the inherent non-deterministic nature of quantum dynamics and the effects of quantum fluctuations. In this sense, work acquires a meaning only as a statistical expectation value W = W P(W) dW that accounts for the possible trajectories followed by a quantum system across its evolution, as formalised by the associated work probability distribution P(W) = n,m p 0 n p τ m|n δ W − ( m − n ) . In order to understand this expression, let us consider a quantum system initially at equilibrium at temperature T and undergoing a quantum process that changes its Hamiltonian asĤ(0) →Ĥ(τ) within a time period τ. Then, p 0 n is the probability to find the system in the eigenstate |n(0) ofĤ(0) (with energy n ) at the start of the protocol, while p τ m|n = | m(τ)|Û|n(0) | 2 is the conditional probability to find it in the eigenstate |m(τ) ofĤ(τ) (with energy m ) if it was in |n(0) at t = 0 and evolved under the action of the propagatorÛ. P(W) encompasses the statistics of the initial state (given by p 0 n ) and the fluctuations arising from quantum measurement statistics (given by p τ m|n ). One can define a backward process that, starting from the equilibrium state of the system associated withĤ(τ) and temperature T , implements the protocolĤ(τ) →Ĥ(0) and thus inverting the control sequence of the process itself. The work probability distributions for the forward (F) and backward (B) processes allow for the formulation of quantum fluctuation theorems of key foundational importance [5, 6] .
It is often convenient to work with the Fourier transform of the work distribution, or work characteristic function. For the F process, this is defined as χ(u) = P F (W)e −iuW dW and takes the form
(1) with ρ 0 the initial equilibrium state of the system (at a given temperature). The characteristic function of the B process is defined analogously. Needless to say, P α (W) and χ α (u) (α = F, B) bring about the same statistical information and they are equally useful.
The experimental verification of such fundamental relations in the classical domain has found some success [7] [8] [9] [10] [11] . Albeit a few proposals for the measurement of the quantum statistics of work have been made [12, 13] , including an ingenious calorimetric one [14] , the experimental reconstruction of either P α (W) or χ α (u) has been hindered by the technical difficulties inherent in the determination of the conditional probabilities p τ m|n . Recently, however, an alternative approach to this problem has been devised, based on well-known interferometric schemes of the estimation of phases in quantum systems, which bypasses the necessity of direct projective measurements on the instantaneous state for the system and paves the way to the faithful reconstruction of the characteristic function of a process [15, 16] (see Ref. [17] for an interesting development of the original proposal). Here, we exploit such protocol to reconstruct the statistics of work on a spin-1/2 sys- tem undergoing a quantum non-adiabatic evolution, and thus achieve sufficient information on its out-of-equilibrium features to faithfully verify both the Tasaki-Crooks and Jarzynksi identities with high statistical significance. To the best of our knowledge, this is the first experimental assessment of fluctuation relations fully in the quantum regime.
Our experiment was carried out using liquid-state NMRspectroscopy of the 1 H and 13 C nuclear spins of a chloroformmolecule sample (cf. Fig. 1 ). This system can be regarded as an ensemble of identical, non-interacting, spin-1/2 pairs. The rest of the molecule, indeed, can be disregarded, providing mild environmental effects that, within the time-span of our experiments, are inessential to our results. The main sources of imperfections are identified later on in this paper. The 13 C nuclear spin plays the role of a driven system, while the 1 H one embodies an ancilla that will be instrumental to the reconstruction of χ α (u). The process implemented in our experiment consists of a rapid change in a time-modulated radio frequency (rf) field at the frequency of the 13 C nuclear spin. Formally, this can be described by the following timedependent Hamiltonian (in the rotating frame and for the F process only)
whereσ C x,y,z are the Pauli operators for the 13 C spin and ν(t) = ν 1 (1 − t/τ) + ν 2 t/τ is a linear ramp (taking an overall time τ = 0.1 ms) of the rf field frequency, from ν 1 = 2.5 kHz to ν 2 = 1.0 kHz, t ∈ [0, τ]. The chosen value of τ is smaller than the evolution time of the Hamiltonian in the non-adiabatic regime. The reverse quench (realising the B process) is described byĤ
. Both processes are sketched in Fig. 1 . In order to reconstruct the work distribution of both the F and B process, we make use of the proposals put forward in Refs. [15, 16] , which rely on the Ramsey-like interferometric scheme illustrated in Fig. 2a . Through a series of oneand two-body operations, this protocol maps the characteris- Figure 2 : NMR pulse-sequence for the reconstruction of the work distribution. Panel a: General quantum algorithm for the interferometric reconstruction of χ α (u) (α = F, B) inspired by the proposals in Refs. [15, 16] . We show both the conditional joint gates given in Eqs. (3) and the single-spin operations needed to complete the protocol. Here, ρ S is a generic initial state of a driven system (the 13 C nuclear spin in our experiment), while |0 A is an initial preparation for the ancilla ( 
tic function of the work distribution for a system S (the 13 C nuclear spin in our case) prepared in the (equilibrium) state ρ S and undergoing the processĤ α (0) →Ĥ α (τ) onto the transverse magnetisation of an ancillary system A (the 1 H nuclear spin), initialised in |0 A .
In the first step of our experiment, we used spatial averaging methods to prepare the 1 H-13 C nuclear-spin pair in the state equivalent to ρ
an equilibrium state of the 13 C nuclear spin at temperature T . We have introduced the logical states of the 1 H nuclear spin {|0 , |1 } H , the inverse temperature β = (k B T ) −1 (k B is the Boltzmann constant), and the partition function
The structure of Eq. (1) suggests that one can reconstruct the characteristic function using simple single-spin operations and only two joint gates, each controlled by the ancilla state, and readingĜ
The full sequence of operations needed to reconstruct χ F (u) is illustrated in Fig. 2a , and their implementation based on our NMR device is shown in Fig. 2b and 2c for the F and B process, respectively. The completion of the protocol, which requires the exploitation of the natural couplinĝ The experiments were performed for states with different initial temperatures, sampling the characteristics function at 17.9 kHz rate. The interaction time s in Fig. 2a -c was varied through 360 equally-spaced values for both the F and B process. Each realisation corresponds to an independent experiment with an average over an ensemble of molecules. The time-evolution of the measured transverse magnetisation, for the F process and two different values of T , is shown in Fig. 3 . The amplitude of the oscillations of Re[χ F (u)] (proportional to the the x-component of the magnetisation) is approximately the same for all temperatures (apart from a small decay in time), while a clear decrease can be seen in the imaginary part (the y-component of the magnetisation) as the temperature increases. In the limit of high temperatures (the maximumentropy state), this imaginary part reduces to almost zero, as expected theoretically.
The sample is processed in an environment at room temperature. However, the experimental data acquisition time (for each initial thermal state), which vary from 0.1ms to 327ms, is much smaller than the thermal relaxation time, which in NMR is associated with the spin-lattice relaxation occurring in a characteristic time T 1 . In our experiment, we have measured (T 2 ) ≈ (4.76, 0.33)s affects, in principle, the coherences of both the system and the ancilla state. Nevertheless, the characteristic dephasing time on 1 H is longer than the acquisition time. The situation for the 13 C spin is somewhat more complicated due to the much shorter value of T C 2 . However, the diagonal nature of the initial equilibrium state of 13 C, together with the fact that the system-ancilla coupling commutes with the map responsible for the dephasing of its nuclear spin state, leads us to claim that, as far as we only perform measurements on the ancilla, the acquired data is unaffected by the system's transverse relaxation. We observe an exponential decay during the time evolution of the magnetisation in Fig. 3 , which is mainly due to transverse relaxation. This decay only limits how long we can track the characteristic function osculations, which will ultimate bound the precision in the Fourier spectrum of the characteristic function. achieved by calculating explicitly the partition functions.
The work distribution of the experimental process is obtained from the inverse Fourier transform of χ(u). For each value of T we observe well-defined peaks in the corresponding P α (W) (cf. Fig. 3e-f ), associated to one of the four possible transitions illustrated in the lower panels of Fig. 1 . The amplitudes of the two peaks located in the W/h < 0 semi-axis in Fig. 3e-f are proportional to the excited-state population in the initial thermal state, which increases with temperature. The peaks placed in the W/h > 0 semi-axis are instead proportional to the ground-state population, which decreases with T . This confirms that the conditional probabilities are independent of temperature, as it should be. Indeed, the p The experimentally reconstructed work distributions for forward and backward processes can now be used to verify important fluctuation relations such as the Jarzynski equality or the Tasaki-Crooks relation. It should not be overlooked that the processes that have been implemented in our experiments are indeed genuinely quantum mechanical, being embodied by Hamiltonians consisting of non-commuting terms. As such, the programme of experimental verifications that we report here is an important step towards the assessment of outof-equilibrium dynamics in quantum systems subjected to a time dependent process.
We start computing the ratio P F (W)/P B (−W) and use it to verify the Tasaki-Crooks relation ln P F (W)
where ∆F is the net change in free energy of the system resulting from the process, and which can be determined as [18, 19] β∆F = − ln(Z τ /Z 0 ). We plot the left-hand side of Eq. (4) using a linear-logarithmic scale in Fig. 4a , for the values of T that we have probed experimentally. The trend followed by the data-sets associated with each temperature is in very good agreement with the expected linear relation, thus confirming the predictions of the Crooks theorem. As noticed in Ref. [15] , this approach can also be employed to build a high precision out-of-equilibrium thermometer which is able to capture tiny temperature variations ( 5 ± 5% nK in our experiment). The horizontal error bars in the points shown in Fig. 4a are associated with the Fourier spectral linewidth, which depends on the number of oscillations resolved during the total data-acquisition time. The propagated vertical error bars are smaller than the symbols size (see Appendix for details about the error analysis). The point at which P F (W) = P B (−W) can be used to determine the value of ∆F experimentally. In Fig. 4b , we show β and ∆F obtained from a linear fitting according to the aforementioned strategy. The relative error in determining ∆F arises from the fact that the actually measured parameter is the product β∆F.
We are now in an ideal position for the verification of the Jarzynski identity at a full quantum regime, which we here perform using three different approaches. First, we use the formulation of the Jarzynski equality where, to fix the ideas, the average is taken over P F (W) and is determined through the relation e −βW = χ(u = iβ), obtained by analytical continuation of the characteristic function, and making use the experimental data on the transverse magnetization of the ancillary 1 H nuclear spin. Second, we use the linear fit of the Tasaki-Crooks relation, thus combining forward and backward processes. Finally, we have used the equivalent Jarzynski relation [18, 19] Z τ /Z 0 = e −β∆F , calculating theoretically the ratio between the partition functions before and after the quench. Table I shows the mutual agreement among these approaches: quite clearly they provide mutually consistent results within the respective associated uncertainties (the uncertainties in the theoretical results used in our third approach arise from the uncertainty in temperature of the thermal state), thus providing a statistically significant verification of the Jarzynski equality. It is remarkable that the left and right-hand side of the equivalent equalities used for the assessment of the Jarzynski relation have been determined experimentally in completely independent ways.
We have explored experimentally the statistics of work following a quantum non-adiabatic process in a spin-1/2 system using an ancilla-based interferometric approach adapted to NMR technology. Our original way to reconstruct the work characteristic function has allowed us to address, for the first time to our knowledge, fluctuation relations at the full quantum level and thus go significantly beyond the current experimental state-of-the-art, which was so far constrained to the classical domain. Our results demonstrate the feasibility of an experimental study on the thermodynamics of out-ofequilibrium quantum systems and paves the way to its extension to the quantum many-body context [19, 20] . Table I : Verification of Jarzynski identity at the full quantum regime. We report the experimental values of the left and right-hand side of the Jarzynski identity, measured in two independent ways for three choices of temperature, together with the respective uncertainties (see main text for details). The experimental results are compared to the theoretical prediction coming from the ratio ln(Z τ /Z 0 ). The agreement among the three values is consistent for the three values of temperature probed in our experiment. 
APPENDIX A. Description of the experimental setup
The sample employed in our experiments is made of 50 mg of 99% 13 C-labeled CHCl 3 diluted in 0.7 ml of 99.9% deutered Acetone-d6, in a flame sealed Wildmad LabGlass 5 mm tube. The experiments were performed at T = 25
• Celsius using a Varian 500 MHz Spectrometer and a double-resonance probe-head equipped with a magnetic field gradient coil. The nuclear spins were manipulated through suitably designed sequences of rf-fields. The density operator of the 1 H-13 C spin pair can be described, in the high temperature expansion [21, 22] , as ρ ≈ 1 1/4 + ε∆ρ, where ∆ρ is the deviation matrix and ε = γB 0 4k B T ≈ 10 −5 is the ratio between magnetic and thermal energies with γ the gyromagnetic ratio and B 0 ≈ 11.75 Tesla the intensity of a strong static magnetic field (whose direction is taken to be along the positive z one). The 1 H and 13 C nuclear spins precess around B 0 with Larmor frequencies ω H /2π ≈ 500 MHz and ω C /2π ≈ 125 MHz, respectively. The deviation matrix ∆ρ is the accessible part of the system state in NMR experiments and all rf-field manipulations of the system state act only on it. This system encompasses all features of quantum dynamics, such as coherent evolutions and interference [21, 23, 24] . It also supports general quantum correlations [25, 26] . As discussed in the main text and in one of the following Subsections, in the present experiment the 1 H-13 C spin pairs were initially prepared in a diagonal state of the so-called computational basis, {|0 H 0 C , |0 H 1 C , |1 H 0 C , |1 H 1 C }, with the 13 C spin populations weighted by the thermal ensemble. This procedure maps the deviation matrix (∆ρ) into a pseudo-equilibrium state at a given temperature T , as far as the 13 C spins are involved. In this way we can simulate thermal state at arbitrary temperatures.
B. Characterization of the initial equilibrium state
In our experiments, the 13 C nuclear spins of our sample are initially prepared in a pseudo thermal state at temperature T , whereas the 1 H ones are initialised in the ground state. We have characterised such states by means of full quantum state tomography [27] . The population distribution for 13 C is shown in Fig. 5 for both the forward (F) and backward (B) process. From such information, we have been able to estimate the effective temperature of the initial pseudo thermal state of the 13 C nuclear spins, which are reported in Table 1 . The initial Hamiltonian of the forward process [Ĥ F (0)] has a large energy gap between the fundamental and excited state of the 13 C nuclear spins, which implies that the excited-state population increases more slowly with temperature compared to Table I for the explicit value of the initial state temperature). the backward process, whose initial Hamiltonian has a smaller energy gap (cf. Fig. 1 in the main text) . The unequal occupation probabilities in the initial state of the F and B process are due to such different energy gaps.
C. Characterization of the process
The F and B process that we have implemented experimentally have been described in the main text. Here we provide a more in-depth characterisation of the transformations resulting from the quenches that we have considered.
Needless to say, experimental imperfections and nonidealities prevent the realisation of a perfectly unitary evolution. In our implementation of quenched dynamics, there are two main error sources. The first one is the inhomogeneity in the intensity of the rf-pulse across the sample. This causes a deviation from unitary evolution. The second source is embodied by the 1 H-13 C coupling, which might establish initial correlations between the nuclear spins of the two atomic species. In order to determine how close the processes that we have considered are to ideal unitary evolutions, we employ the diagnostic instrument provided by quantum process tomography (QPT) [28] . A general evolution undergone by the initial state of the 13 C spin is provided by the quantum map
, and ξ the matrix of the process, which completely identifies the map. The basis (σ C ) differs from the one picked in Ref. [28] , our choice being motivated by the fact that any unitary process corresponds to ξ ∈ M(4, R). To implement QPT experimentally, we have prepared the set of input pseudo-pure states
, subjected each of them to the process to characterise, and finally reconstructed the output density matrix using quantum state tomography [27, 29] . Numerical post processing of the acquired data enables the final estimate of the entries of ξ, which are shown (for the F and B processes) in Fig. 6 .
Unital processes, i.e. those such that E(1 1) = 1 1, embody a very important class of maps encompassing unitary ones. For both the forward and backward dynamics implemented in our experiment, we estimated the best general unitary and unital process that describe the system's evolution. As a measure of the distance between two arbitrary processes E 1,2 , we have used the trace distance [28] 
Moreover, in order to wash out any dependence on the specific initial state and account for a worst-case scenario, we have considered δ(E 1 ,
over all choices of initial state. Such worst case trace distance between the ideal process E 1 =Ûρ CÛ † and the experimentally reconstructed one E 2 = E is found to be 3.3% (7.7%) for the F (B) process. The experimental map is also almost perfectly unital, as the trace distance for the identity evolution, δ(1 1, E 1 , E 2 ) 0.9% (3.9%) for the forward (backward) process. Therefore, notwithstanding the ubiquitous influence of experimental imperfections and environmental mechanisms discussed in the main text, our setup operates very close to an ideal unitary evolution.
D. Experimental procedure to reconstruct the work distribution
After the initial state preparation, a quench of the magnetic field drives the 13 C nuclear spins out-of-equilibrium. As described in the main text, the statistics of the corresponding work is reconstructed from a series of independent measurements of the transverse magnetization of the 1 H nuclear spins, folowing the interferometric strategy proposed in Refs. [15, 16] .
The conditional operationsĜ 1 andĜ 2 (Eq. (3) of the main text) needed for this task are equivalent (up to a global phase) to an appropriate sequence of two-spin operations generated by the coupling HamiltonianĤ J = 2πJσ Both the initial state of the sample and theĤ J coupling are diagonal in the computational basis, whereas the Hamiltonian responsible for the quench on the system (Ĥ F (t) andĤ B (t) defined in the main text) are transversal, both for the F and the B processes. Before the quench, we suitably rotate the 13 C nuclear spin to the eigenbasis ofĤ α (0) (α = F, B), as described in Figs. 2b and 2c of the main text. This corresponds to an abridged implementation ofĜ 1 . Likewise, after the quench, we rotate the system from the eigenbasis ofĤ α (τ) back to the computational basis for the application of the secondĤ J coupling, which is equivalent to the controlled operationĜ 2 . Such rotations are identified by L and K in Figs. 2b, c of the main text. The twoĤ J couplings act for different time-lengths so to compensate the difference in energy gap between initial and final Hamiltonian. The first free evolution is 2.5-fold longer (shorter) than the second one for the F (B) process.
A detailed calculation of the operation performed by the quantum circuit for the reconstruction of the characteristic function leads to the following expression for the magnetization of 1 H
Experimentally, we have applied the protocol for the reconstruction of the characteristic function to the case of initial pseudo-thermal states of the 13 C nuclear spins corresponding to each of the temperatures reported in Table II , for both processes. In Fig. 7 and 8 we report the experimentally acquired data for the corresponding transverse magnetisations and their inverse Fourier transforms. In the main text we reported and discussed only the cases corresponding to two of such temperatures.
E. Micro-reversibility
Having characterised fully the physical process implemented in our experiment, we can reformulate the conditional probabilities p τ,α m|n in terms of the entries of the process matrix ξ as (we have explicitly introduced the label α = F, B to distinguish the values associated with the forward and backward process)
with |n α (0) and |m α (τ) eigenstates of H α (0) and H α (τ). , using the corresponding expressions valid for the ideal process and the expression for the backward time propagator given in the main letter, we obtain p
, which states the micro-reversibility of the process. It is well-known that unitality is the quantum counterpart of classical microreversibility [30] . It is thus not surprising that, having proven in Sec. C the almost full unital nature of the processes at hand, microreversibility is also retrieved and verified here. We can actually verify microreversibility from the dynamics of the real part of the magnetization, which ac- cording to Eq. (6) is
cos[2π(ν 1 + ν 2 )s]
The experimental observation that the real part of the magnetization is independent of the temperature of the initial thermal state (see Fig. 2 
F. Error Analysis
The magnetization curves measured in our experiment (and shown in Fig. 3 of the main text for both F and B process), are proportional to the Fourier transform of work probability distribution and, as seen from Eq. (6), can be cast into the form
where γ d is a decay rate, caused mainly by field inhomogeneity across the sample, and ω k are the frequencies of the four peaks appearing in Fig. 3e and 3f of the main text.
Given our experimental parameters, from the leftmost to to the rightmost peak, the expected values of such frequencies are ≈ (−3.5, −1.5, +1.5, +3.5)kHz. The exponential decay term has been added to the magnetisation in Eq. (6) so as to account for experimental imperfections. We can now estimate the best values of the coefficient entering Eq. (9) and their associated uncertainties using standard statistical analysis tools, and get the best fit of the experimental data. Clearly, the magnetisation curve observed in our experiment depends linearly on eight real parameters (the four complex amplitudes α k ) and non-linearly on three others (the frequencies ω k and the decay rate γ d ). The decay rate is not of our direct interest, given the phenomenological nature of such parameter. On the other hand, the frequencies ω k are related to the gaps in the initial and final Hamiltonians and the α k 's are linked to the transition probabilities, and are the ones we are most interested in.
The least-squares method has been applied to 10 experimentally reconstructed magnetization curves (we have sampled 5 different temperatures for both F and B process, as reported in Table II , Fig. 7 and Fig. 8 ). The resulting optimal estimate of ω k 's are consistent across all the data sets and in excellent agreement with the theoretical expectations based on the values of ν 1,2 stated in the main text. The variances of all fitting parameters are much smaller than the perceived line-widths in Fig. 3e and f, and are caused only by a limited resolution of the Fourier transform. We also checked that the decay rate γ d in the fitting function does not depend on the temperature of the initial state, although it depends on the process, being 4 times larger in the B process than in the F one (it corresponds to 20% of attenuation of magnetization data for the B dynamics, as can be seen in Fig. 3 of the main text) .
G. Verification of the Tasaki-Crooks relation
In Fig. 4a of the main text, the ratio of the probability distributions for the F and B process are plotted in logarithmic scale. Although the evaluation of the uncertainties associated with such data requires many steps of error propagation, the vertical error bars are all smaller than the size of the data point in the Figure. The least squares method has been used to fit these points to a linear relation, and we have estimated both the angular coefficient (which is found consistent with the inverse temperature β), and the vertical shift from the origin, which provides an estimate of β∆F. The temperatures estimated from the Tasaki-Crooks relation were used to label the lines in Fig. 4a . The theoretical expectation for the relationship between β and ∆F ∆F = 1 β log cosh (βν 1 ) cosh (βν 2 ) .
was finally plotted in Fig. 4b , showing remarkable agreement with the experimental data.
H. Verification of the Jarzinski equality
Dividing the magnetization fitting function Eq. (9) by 4 k=1 α k , we obtain the work characteristic function χ (u). For the verification of the Jarzynski identity, we are interested in the value of this function in iβ. This particular value of the characteristic function is estimated by analytical continuation of the experimental data [cf. Eq. (9)]. However, the inverse temperature β (obtained from the Tasaki-Crooks relation) itself carries an uncertainty due to the indeterminacy associated with the temperature of the initial states of our sample. We have thus used a Monte Carlo method, sampling values of the parameters set (γ d , {ω k }, {α k }) with a multivariate Gaussian distribution having widths determined by the variances corresponding to such parameters. We have also sampled β with an independent Gaussian distribution (width determined by the corresponding experimental uncertainty). We have thus estimated mean and standard deviation of the distribution of values of χ (iβ) that we have gathered.
The expected theoretical value of β∆F given by Eq. (10) (including the uncertainty due to the initial temperature of the sample) has finally been used as a milestone for our verification of the Jarzynski identity, as reported in Table I of the main  text. 
